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MAT 402 S26
PROBLEM SET 4

Let A : R — M,,(R) be a curve in the vector space of n X n matrices with real entries.
Suppose
v = (x),.., o) I =R i=1..,n

are n solution to the linear system of differential equations

T = A(t)x.
Define the Wronskian of x, ..., x,, to be the determinant of the curve of n X n matrices
I (t)
Rt X(t):= . € M, xn(R)
T (t)

whose k' row is 2, (t):
Wx](t) := det X (t).
Show that

Wizl(t) = W[al(0) exp ( /0 t Trace(A(s))ds) |

Let f = (f,...,f™) : R™ — R™ be a vector valued function that vanishes at a point
x, € R™, ie., x, is an equilibrium point of f.
i. The equilibrium point x, of f is said to be stable if for every £ > 0 there exists 6 > 0
such that for every y € Bs(z,) the unique solution x(t) = (x'(t), ..., z"(¢)) of the initial
value problem

it = fiat, .2, i=1,..,n, z(0) =y

is defined for all ¢ > 0 and satisfies z(t) € B.(z,) forall t > 0.
ii. The equilibrium point z, of f is said to be asymptotically stable if x, is stable and
moreover

tlggo z(t) = z,.

Let H : R*™ — R be a smooth function such that VH (P,, Q,) = 0 for some (P,, Q,) € R?".
a. Show that (P,, Q),) is an equilibrium point of the Hamiltonian system determined by H.
b. Show that the equilibrium point (P,, (),) is not asymptotically stable.



III. Let

)

T = {(z1,41,22,42) € R"; 2} +yi = 25 +y5 = 1}
and consider the system of differential equations

1= —Y1, Y1=7T1, To= —\/iyz, Yo = \/§$2-

a. Show that if t — (z1(t),y1(t), z2(t), y2(t)) is a solution of the system of equations (1)
such that (x1(¢,),y1(to), za(to), ya(to)) € T then (z1(t),y1(t), z2(t), y2(t)) € T for all
teR.

b. Show that if
ot — (x1(t),y1(t), xo(t), y2(t)) is a solution of the system of equations (1) such that

(21(0),1(0), 22(0),92(0)) € T,
o P = (p1,p2,p3,p4) € T and
ec>0

then there exists ¢ > 0 such (z1(t) —p1)?+ (y1(t) —p2)?+ (22(t) —p3)?+ (y2(t) —ps)* < €%



